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Analytic solution for two bubbles in a Hele-Shaw cell
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A four-parameter family of exact solutions is reported for two unequal bubbles moving steadily in a
Hele-Shaw cell when surface tension is neglected. The solutions are given in closed form in terms of elliptic
integrals and are found to be in good agreement with shapes observed in the experiments by Ikeda and
Maxworthy @Phys. Rev. A41, 4367~1990!#. An analytic solution for a finger with a bubble is also obtained as
a special case of the general two-bubble solution. The relevance of these exact solutions for a selection theory
for the cases of a finger with a bubble and a pair of bubbles is also briefly discussed.

PACS number~s!: 47.55.Dz, 47.15.Hg, 47.54.1r
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The displacement of a more viscous fluid by a less v
cous one in a Hele-Shaw cell, where the fluids are confi
between two closely spaced plates, has attracted a great
of attention in the past two decades@1#. This research effort
has been motivated in large part by the fact that the dynam
of interfaces in a Hele-Shaw cell exhibits mathemati
analogies with other important moving-boundary problem
such as dendritic growth and directional solidification@2#,
while being more amenable to analytical and experime
investigation. In particular, the so-calledselection problem
for a finger in a Hele-Shaw channel has been extensiv
studied; this problem refers to the fact that, although th
exists a whole family of solutions when surface tension
neglected, a unique finger is observed in the experime
The selection problem for a finger dates back to the sem
paper by Saffman and Taylor@3# but only more recently it
has been fairly well understood@4–8#. Experimental studies
@9# have also been performed on a finger moving with
bubble attached at the tip, and here it was found that
finger became considerably narrower that the usual Saffm
Taylor finger. A similar effect has been observed f
bubbles: when a small bubble attaches to the nose of a la
bubble, the larger bubble becomes more elongated an
velocity increases@10#. Although an approximate solvability
theory has been proposed for the cases of a finger wi
bubble at the tip@11# and a large bubble with a small one
the nose@12#, the selection mechanisms in these two situ
tions have not yet been completely elucidated.

In this Rapid Communication we report a four-parame
family of exact solutions for two unequal bubbles movi
steadily in a Hele-Shaw cell when surface tension is
glected. Our solutions for the bubble shapes are written
closed form in terms of elliptic integrals and are found to
in excellent agreement with the shapes observed in the
periments by Ikeda and Maxworthy@10#. The solutions dis-
play the usual degeneracy of solutions with zero surface
sion: fixing the bubble areas~and their relative separation!
does not determine the bubble velocity. We also presen
analytic solution for the case of a finger penetrating into
Hele-Shaw channel with a bubble moving ahead of the fin
tip. This finger-bubble solution is obtained as a special c
of our two-bubble solution in the limit that one of the bubb
becomes infinitely elongated.
PRE 621063-651X/2000/62~3!/3047~4!/$15.00
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Before we present our solutions, it is perhaps worth m
tioning that these analytic solutions at zero surface tens
are of practical relevance in relation to the selection probl
for a finger with a small bubble at the tip as well as for
large bubble with a small one at the nose. As already m
tioned, a selection theory has been proposed for these
cases@11,12# that has as starting point the zero surfac
tension solutions for a pure finger and a single bubble,
spectively. This theory, however, is somewhat unsatisfact
in that the effect of the small bubble is taken into accou
through a rather unphysical condition, namely, that the in
face has a cusp at the leading front~i.e., the finger tip and the
large-bubble nose, respectively!. In light of the exact solu-
tions reported here, a more rigorous solvability analy
could in principle be carried out. Given that these solutio
are expressed in terms of elliptic integrals, such an anal
is expected to be more mathematically challenging and
not be attempted in the present paper.

Here we consider the problem of two unequal bubb
moving with the same velocityU in a Hele-Shaw cell with
the channel geometry. Without loss of generality, we assu
that the viscous fluid has a unity velocity at infinity in fron
of and behind the bubbles. We suppose that the fluid ins
the bubbles has negligible viscosity so that the pressure
side is constant. We will also neglect the interfacial tensi
and hence, the fluid-pressure will be taken as constant a
the bubble interface. We concern ourselves here with
case in which the bubbles are symmetrical about the cha
centerline. For convenience, we will work in a referen
frame in which the bubbles are stationary and choose
system of coordinates so that the origin is placed at the n
of the first bubble, with the channel walls being aty561;
see Fig. 1.

The exact solutions presented below are obtained via c
formal mapping techniques. The idea here is to consider
conformal mappingz5x1 iy5 f (z) from the z complex
plane onto the fluid region, with the two half-lines Imz
50, uzu>1 being mapped onto the two channel walls, r
spectively. In thez plane the bubbles correspond to two sl
on the real axis along the intervals21,s2<Rez<0 and
0,s2<Rez<s3,1, for givens1 , s2, ands3. Using a vari-
ant of the method described in Ref.@13# one can construc
explicitly the mapping functionf (z) from which the inter-
R3047 ©2000 The American Physical Society
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faces are obtained in parametric form:x(s)1 iy(s)5 f (s),
where the two bubbles correspond to the intervalss1<s<0
and s2<s<s3, respectively. Here, owing to lack of spac
we will not expound the conformal mapping formulation a
will simply quote the final result for the bubble shapes.
complete derivation of our solution will be presented in
forthcoming publication@14#.

In order to simplify our notation let us first define th
following function:

H~w,p,q,k!5G~w,p,k!2G~w,q,k!, ~1!

where

G~w,n,k!5A~12n!~12k2/n!FP~w,n,k!

2
P~n,k!

K
F~w,k!G . ~2!

HereF(w,k) andP(w,n,k) are the normal elliptic integrals
of first and third kinds, respectively, withK[K(k)
[F(p/2,k) and P(n,k)[P(p/2,n,k) being the complete
elliptic integrals of first and third kinds, respectively. In th
above we have adopted Legendre’s notation for the elli
integrals in whichw is theargument, k is called themodulus,
andn is referred to as theparameter@15#.

We are now in position to describe our two-bubble so
tion. The first bubble is given by the following parametr
equations:

x~s!5
2

p

U21

U
tanh21 s, ~3!

y~s!56
2

p
U21H„w1~s!,p,q,k…, ~4!

where

w1~s!5sin21A 2s

p2q1~p1q!s
, ~5!

and the parameters ranges over the intervals1<s<0, with

s15
q2p

p1q22
. ~6!

For the second bubble we have similar expressions:

x~s!5x01
2

p

U21

U
tanh21 s, ~7!

FIG. 1. Two bubbles in a Hele-Shaw cell.
ic

-

y~s!56
2

p
U21H„w2~s!,k2/p,k2/q,k…, ~8!

where

w2~s!5sin21Ap2q1~p1q!s

2k2s
, ~9!

and the additional constantx0 in Eq. ~7! reads

x05
U21

K
@F~bp ,k8!2F~bq ,k8!#, ~10!

with

bp5sin21A12p

~k8!2, ~11!

and similarly for bq . Here k85A12k2 is the so-called
complementary modulus. The parameters for the second
bubble takes values in the intervals2<s<s3, where

s25
q2p

p1q
, s35

q2p

p1q22k2 . ~12!

In the solution above,k, p, andq are free parameters satis
fying the following condition:

0,k2,p,q,1. ~13!

Besides the velocityU, the other relevant physical param
eters are the areas of the two bubbles and the separ
between them. Since the solutions above have four free
rameters, namely,U, k, p, and q, it is clear that fixing the
bubble sizes~and their relative separation! does not deter-
mine the bubble velocity. This is the usual degeneracy
solutions with zero surface tension@3,16#. Such degeneracy
is expected to be removed by the effect of surface tension
is the case for a finger~see, e.g., Ref.@2#! and a single bubble
@17#. This issue, however, will not be addressed in t
present paper.

For completeness, we wish to point out here that in
limit that the separation between the two bubbles vanis
~so that they merge into a single bubble! our two-bubble
solution above correctly reproduces, as it must, the sin
bubble solution originally found by Taylor and Saffman@16#.
This limit is achieved by letting the parametersk, p, andq all
approach 1 but in such way that the quantitiesm5(k2

2p)/(12p) and n5(k22q)/(12q) remain finite and sat-
isfy the relationmn51. ~This corresponds to takings250
ands352s1.) Using the special values for the elliptic inte
grals in these limits we can show that Eqs.~3! and ~4! do
indeed yield the solution given in Eq.~10! of Ref. @16#. We
will not, however, present the mathematical details of su
calculation here.

Comparison with experiments.Experiments on the motion
of two bubbles in a Hele-Shaw cell have been performed
Ikeda and Maxworthy@10#. In their experiment a large
bubble, injected at the bottom of an inclined Hele-Shaw c
would rise to meet and attach to a small bubble that had b
injected at a point further up the cell. The subsequent mo
of the bubbles was recorded on video from which the bub
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shapes and velocity were obtained. Before we present a c
parison between our solutions and the observed shapes
note that for the experimental setup used by Ikeda and M
worthy @10# the velocityU appearing in the formulas abov
must be replaced with@3#

U8511
U

U*
, ~14!

where U* 5(b2g sina/12m1)(r12r2). Here b is the cell
gap,g is the gravitational acceleration,a is the tilting angle,
r is the fluid density,m is the fluid viscosity, and the sub
scripts 1 and 2 denote the fluids outside and inside
bubbles, respectively. In Fig. 2 we show one of the sha
reported in Ref.@10#, to which we superimpose a member
the family of analytic solutions described above. As one c
see in this figure, the exact solution describes remarka
well the observed shape for the large bubble, the only not
able deviation occurring at the lower region behind the sm
bubble. This small discrepancy is probably due to the f
that the smaller bubble is slightly off the nose of the larg
one, thus breaking slightly the centerline symmetry. Inde
for the small bubble in Fig. 2 the best agreement between
theoretical curve and the experimental shape was obta
when the former was shifted slightly upward. We note fu
thermore that according to Eq.~14! our valueU853.4 ~see
the caption of Fig. 2! corresponds toU/U* 52.4, which is
indeed very close to the value reported in Ref.@10#. @Rigor-
ously speaking, our definition ofU* given above differs
from that used by Ikeda and Maxworthy@10# by a correction
factor (D/L)U852. However, for the bubble shown in Fig.
such a factor is approximately equal to unity.#

Finger with a bubble at the tip. In the limit that the first
bubble becomes infinitely elongated~while the second one
remains of finite size!, we arrive at a situation in which a
finger penetrates into the channel with a bubble mov
ahead of the finger tip. An explicit solution for this case c
be obtained from our general solution above if we seq

FIG. 2. A large bubble with a small bubble at the nose.~The
bubbles are moving to the right.! The circles represent an observe
shape taken from Fig. 1~a! of Ref. @10#, while the solid line is an
exact solution withU853.4, s1520.9857, s251025, and s3

50.0746.
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51. ~This corresponds to takings1521.) Using the fact
that P(w,1,k) remains finite for 0,k,1 and 0,w,p/2
and that limn→1P(n,k)5p/2k8A12n, one obtains that
G(w,1,k)52pF(w,k)/2K. In addition we have that
G(w,k2,k)[0. From these results, it immediately follow
that for q51 Eqs.~4! and ~8! respectively become

yf~s!56U21F 2

p
G„w f~s!,p,k…1K21F~w f ,k!G , ~15!

yb~s!56
2

p
U21G„wb~s!,k2/p,k…, ~16!

where

w f~s!5sin21A 2s

p211~p11!s
, ~17!

wb~s!5sin21Ap211~p11!s

2k2s
. ~18!

Here we have introduced the subscriptsf and b to denote
explicitly the solutions for the finger and the bubble, resp
tively. The parameters for the finger and the bubble run
over the intervals21,s<0 and s2<s<s3, respectively,
where nows25(12p)/(11p), s35(12p)/(11p22k2),
and 0,k2,p,1. The coordinatesx(s) for the finger and
the bubble remain as given in Eqs.~3! and~7!, respectively,
the only difference being that now the constantx0 reads sim-
ply

x05
F~bp ,k8!

UK
, ~19!

with bp as in Eq.~11!. We thus have a three-parameter fam
ily of analytic solutions for a finger with a bubble.~Exact
solutions for a finger with bubbles have been reported pre
ously by the author@13#, but there the solutions were writte
in integral form and no representation in closed form w
obtained.! As already mentioned, the analytic solutions for
finger with a bubble presented above are relevant for
experiments on narrow fingers performed by Couderet al.
@9#.

In conclusion, we have presented a four-parameter fam
of exact solutions for two unequal bubbles moving stead
in a Hele-Shaw cell when surface tension is neglected.
though these solutions are for the idealized case of zero
face tension, they nevertheless describe remarkably
shapes observed in actual experiments, particularly when
bubble size is much greater than the cell gap. An anal
solution for a finger with a bubble was also presented. T
exact solutions reported in the present paper opens up
prospect for more detailed studies on the selection prob
for a finger with a bubble as well as for a pair of bubble
Here again it is expected that a small amount of surface
remove the degeneracy of the zero surface-tension soluti
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